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1.(12 points) Find the general solution of each of the following differential equations.

(a) −y′ + y = 4e3x.

(b) y′ = 4x(y − 1)1/2, y > 1.
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2.(10 points) Solve the initial value problem

(6xy − y3)dx + (4y + 3x2 + bxy2)dy = 0, y(0) = 3,

where b is a constant such that the differential equation is exact.
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3.(13 points) Use the method of variation of parameters to find the general solution of the given differential
equation. Then check your answer by using the method of undetermined coefficients :

y′′ + 2y′ + y = 3e−t
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4.(10 points) A mass of 1 g stretches a spring 5 cm. Suppose that the mass is also attached to a viscous
damper with a damping constant of 20 dyn.s/cm. If the mass is pulled down an additional 2
cm and then released, find its position u at any time t.

(In CGS, the force unit is 1 dyn = 1 g·cm/s2, and the standard gravity is g = 980 cm/s2. Use
384 = 6*64).
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5. Solve the following initial value problems.

(a)(10 points) {
y′′ + y = uπ/2 + δ(t − π/6)

y(0) = y′(0) = 0
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(b)(10 points) {
y′′ + 4y = 1

k [(t − 5)u5(t) − (t − 5 − k)u5+k(t)]

y(0) = y′(0) = 0
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6.(10 points) For the linear system
d

dt
X =

[
0 4
1 0

]
X,

find the general solution and plot a few trajectories.
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7.(10 points) Find the general solution of the following system.

d

dt
X =

[
1 1
4 1

]
X +

[
2
−1

]
et.
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8. Consider the nonlinear system

dx

dt
= x(y − 1),

dy

dt
= 2 + x − y. (1)

(a)(3 points) Find the Jacobian (partial derivative) matrix for the system (1).

(b)(4 points) Find the critical points for the system (1).
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(c)(8 points) Use the linear systems near each critical point to classify them, specifying both the type
of critical point and whether it is (asymptotically) stable or unstable. If a critical point
cannot be unambiguously classified using the linear systems, please indicate this in your
answer.
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Table of Laplace transforms

f(t) = L−1{F (s)} F (s) = L{f(t)}

1. 1
1
s
, s > 0

2. eat 1
s − a

, s > a

3. tn, n positive integer
n!

sn+1
, s > 0

4. tp, p > −1
Γ(p + 1)

sp+1
, s > 0

5. sin(at)
a

s2 + a2
, s > 0

6. cos(at)
s

s2 + a2
, s > 0

7. sinh(at)
a

s2 − a2
, s > |a|

8. cosh(at)
s

s2 − a2
, s > |a|

9. eat sin(bt)
b

(s − a)2 + b2
, s > a

10. eat cos(bt)
s − a

(s − a)2 + b2
, s > a

11. tneat, n positive integer
n!

(s − a)n+1
, s > a

12. uc(t)
e−cs

s
, s > 0

13. uc(t)f(t − c) e−csF (s)

14. ectf(t) F (s − c)

15. f(ct)
1
c
F

(s

c

)
, c > 0

16.
∫ t

0
f(t − τ)g(τ)dτ F (s)G(s)

17. δ(t − c) e−cs

18. f (n)(t) snF (s) − sn−1f(0) − ... − f (n−1)(0)

19. (−t)nf(t) F (n)(s)


