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Marks

[10] 1. A curve in R3 is given by the parametric equation x(t) = (et, e−t,
√

2t).

(a) (4 marks) Find the length of the curve between t = 0 and t = 1.

(b) (6 marks) Find the curvature at a general point x(t).

Continued on page 3
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[12] 2. Let f(x, y) = xey − y2ex.

(a) (6 marks) Find the first- and second-order Taylor polynomials P1(x, y) and P2(x, y) at
(0, 1). (It is not necessary to simplify your answers.)

(b) (6 marks) Prove that f(x, y) − P1(x, y), where P1 is the first-order Taylor polynomial
from (a), has a local maximum at (0, 1). (Hints: (1) e ≈ 2.72, (2) you have done most of
the necessary calculations in (a).)

Continued on page 4
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[8] 3. Find the minimum distance from the origin to the surface z(3x+ 4y) = 20.

Continued on page 5
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[10] 4. Evaluate the following integrals:

(a) (5 marks)
∫ ∫

D
cos(x2)dA, where D is the triangle in the xy-plane with vertices (0, 0),

(2, 0), (2, 2);

(b) (5 marks)
∫ ∫ ∫

W
xz dV , where W is the bounded solid enclosed by the planes z = 0,

z = 2, y = 0, y = x, and the cylinder x2 + y2 = 1.

Continued on page 6



April 2009 Mathematics 227 Name Page 6 of 10 pages

[12] 5. Evaluate the line integrals below. (Use any methods you like.)

(a) (6 marks)
∫
x
F · ds, where F = xi + 2yj + 4zk and x is the parametrized curve (cos t +

sin t, cos t− sin t, t), 0 ≤ t ≤ 1.

(b) (6 marks) The (outward) flux of F(x, y) = (x3 + sin y)i + ex+yj across the boundary of
the rectangle 0 ≤ x ≤ 1, 0 ≤ y ≤ 2 in the xy-plane.

Continued on page 7
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[12] 6.

(a) (4 marks) Find a function f(x, y) such that F = ∇f , where F(x, y) = (x2 + y2)i + 2xyj.

(b) (4 marks) Evaluate
∫

C
F · ds, where C is any oriented piecewise C1 curve from (1, 2) to

(3, 4) and F is the vector field in (a).

(c) (4 marks) Let F = ∇f be a conservative vector field (not necessarily the same as in

(a)-(b)), and let x(t) be a flow line of F. Prove that
d

dt
f(x(t)) ≥ 0.

Continued on page 8
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[8] 7. Let F = (x+ z)i + (y + 2z)j + (2x+ 3y)k. What are the possible values of
∫

C
F · ds, if C is a

circle of radius r contained in a plane x+ 3y − z = a?

Continued on page 9
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[16] 8. Let X be the parametrized surface X(s, t) = (t cos s, t sin s, 2t), 0 ≤ s ≤ π/2, 1 ≤ t ≤ 2.
Evaluate the following integrals:

(a) (8 marks)
∫ ∫

X
z2dS,

(b) (8 marks)
∫ ∫

X
F · dS, if F = y2i.

Continued on page 10
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[12] 9. Let ω = (x+ z)dx ∧ dy + (y − x)dy ∧ dz.

(a) (4 marks) Compute dω. Simplify your answer.

(b) (8 marks) Find
∫
X
ω, if X(s, t) = (t+ s, t, s2), −1 ≤ s ≤ 1, 0 ≤ t ≤ 1.

The End
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